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Werner - Wheeler Masses for a Clusterdecay- Model

Retrospective view ou fissiou -sciuce bui;fory 3
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Becquerel discovered radioactivity.

Rutherford sliowed that o -particles are helivuw - nvclei.
ewpirical Geiger-Nuttall Rule : re(d) = Coust + b - E
With the new Quawtvws -weckauics Gawov explaiued theo-
retically *X-odecay aud Geiger-Nutlall Rule with “fvnneliug'
Halu, Meituer aud Strasswaun discovered Urauivwr - fissiod,
N. Bolir theoreticaly iuvestigated fissiou with the Betue -Weizsder
Liquid -drop wodel aud L eseudre - expausiovt geowretry :
R(6) = R, [ + o, + oly B(c0sB8) + o3 P, (c0s6) + ...]
This Led to the scissiou - parameter X = % Bl BEp o 3 weA
theu the sphere -foruu is a local eweryy wiviwvus (stabel),
Besides Bolr sketched the PES (Poteutial - Euergy - Surfoc)
Fraukel calculated Bolr's PES ou the Euwiac .

J. Lawreuce vsed the geowsetry : g?a) - A g% 8'22+C
J. Nix iutroduvced a geow etry of two ellipsoiols smoothly
couuected with a Uyperboloid Neck. It has 6 geu. coord,
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24370 For variovs Fissiou weodel s Siugle - particle shell correctious
are calevlated, For exauple I.A. Marolu iuvestigated +he
wass - asymwetry with au advauced Holzer-oszillator. The
geowetry was two ellipsoids couuected withh a polyuowial fouchs

O.S QQG

135

zaz m
Y asK”SsB"- +2n U N Pb

4320 Frow this kiud of calcvlatious A, Sauduvlescv, D.N. Poewarv
auwd W. Greiuer predicted very asywuwsetric Eissiou .

195 Rose auel otliers oliscovered Huis " Cluster- alpcays" experime-
utallys For exawple : “ Ra. +7C +"p or U ‘5!24-20’%

21957 Becavse the old geowetries are wot very svitable for doxnfw'qg
very asymmetric Ffssfim} Hov-{j Waug luveuted the vew (TGH)

Three - Ball-Madel . It gives up to ‘o.-Decay 9goool slhapes.

1985 K. Depta calcvleted tue PES of the uew geowetry with
a siwple aud au advauced Yukawa -plus-expoueutial wacro,
forwal., D. Scliuabel calcolated the wicroscopic sliell - wrrectio

1989  Now +the calevlatiou of Hie Whydrodyuawic Weruer- Wheeler
wasses for tHhe TBM - wodel are preseuted.

For exawple the wasses are weeded for Livetime -calcvlatious:

NG) = -t

N, €
o - ___.’ ._J
. >~,-€"% J\[ Y Vcs) E)M(S) dls M(s) ZIMU 35 5

Wherve Hae peue+m+ubu-cufe9mt b s oblaived frow tHee WKB-
approximation. Tlhe q, are the geueralized coordiuates of fe wodel.
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Tlne Werwe;r— Whee ler Forwmal ism

Collective wuclear models are defived ju geueralized coordinates 9,
124 o Therewith the Lagraugiau is giveu b)r LG3) = Z:” 3 M'.J. Ci,.‘i,- +V(q)
The wassmatrix M;; is vukwowu aud cau be determived Frou tue
kivetic energy of the flowivg Liquid:
-1
M - 3 0 s -
T=73 f V(F)dr Vir) = V, (x,%2)-€y + VY6 +V,-E’z = Va(z,s;?)-gz +V,-E; +V?-§’f

shape
The velocityfield cousists of thuree fuuctious with Hiree arguweuts.

To deterwiue it we ueed 9 fouctioual relatious :

2.-6. Relation  Cylindersywmetry : \7(2 5¢) > V(zg) e, (?,f)-é}

Now sowe physical cowsiderations must be takeu iuto account.The dewaud
of rotatiouless flow Lewd +o winimal kinetic energy avd respectively wasses.

= —3 o
3,-3, Relatiow ' Lyrotational-Flow Madel? ax .{/’ =0 =% V=1V é(?,f)

Alternatively oue caw simplify the field iu au arbitrary but appropriate
mauvner whiclh wakes proper aud easy calcolatiow possible :

F-8. Relation "Werner-Wheeler Model V,(2,8) % V3(2) aud Y(z9) _g.“\'&(%}

To eliminate the last degree of freedowm aud oeter mine the field complet-
Ly oue has to work iu the geometry whick is giveu by the Radivs P(2)

| . L
9. Relatiou Geowmetry : V(zse = V(3 s, P(z))

To obtaiu the wasses from the expression of +the kinetic eneray , the

velocilyfield wust be giveu as Liuear fumctious frow the geueralized Vetaciﬁes'
" -

L(z) = -Z,'A,-(?ﬂ)-q'. and  Vp(zg) =& Z'C(E,q) q 5'-' '-,-(-)' ZB( 1) q *
i=4

(=4

-— e
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By expressiug Ye Nabla -operator ju cyliudercoordiuates the coutmuity
equation Leads +o a relation betweeu Ci(z9) awd A;(z9)

- 9 i

VY = 2ve+dew) = 2 (24 + F2(s%c)) 4.

i | i . 'a
Vo= (A +2C)E =0 3 C=-2Z4

i=z1 []

For the calcvlatiou of the A: we iwmagiva a sorface S which eucloses
au coustaut volvwe V aud is woviug with the Liquid. Wheu it is placed
Like iw the p-'cfure showau it results iu :

| _V ¢
V() = vjpm)d et

8
W

with = (T f PUa)dr’) = ~TP() oe oblais:

GN___, { P-Z.;-Z (P(?)d&) } 0 == V-Pe Z(fpn)dt)‘]

ot )
hy Cowtpariug this result with the givey defiuitiou of the A; oue cau
ihuedm-}el.y see (The secoud form goes similar aud gives the same reSUH)

A, = F—r 24; chz q) d2’ and A = _P—rzjﬁ chz q)dz’

Now with His V- definition we calcvlate the kinelic energy :

: " 9 .q
f\/ dV = :ZE‘ M 9, ‘TJ Mit: V = v:(a).,. l?(g/f) . ‘E

- %fff{(ZA H(ZA ) + (-?ZC:'?',-)(S’?%‘%)}S’”‘S""“{V

¢ .
T = %GTZ I{AA P + C;G; P }o{z * 9. 9

IIJ"d
In this expressiou oue immediately re.cogmze Hhe eleweuts of M

My = c;'trfp Tt % Lol b
o
4
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r

The Tréa{:me,ut of the ceuter of wass wovewment

ITo wmake accorate physics oue has to take the ceuter-off - wmass

Couseyvation iuto cousideratious,  Ceuter of wass is givew by :

b
20) = T (Peedr  Ew = ©3E4 - D44

To treat this 2. -iuflueuce it would be possible to trausforw
the geowelry to the 37 -systewmr: P(z) —» P(2-2,) = Pra
But this wakes the calecvlation off the wasses rather impossible .

The easiest alteruative way is, to calcolate the wass-wmatrix MS; of
the ceuter of wass wovemeut separated awd thew svbtract it frow
the wot corrected WW-watrix M which gn'el-ds the correct MA - werbrix s

L= imE = im(Fei)Faq) = 7 T Meq

v
Au other possible way is, to sobtract the ceuter of mass velocity frows
the 2 - velocily awd thew applyiug the WW = forwalisw ¢

Va = Va'és = “z;'A;cf',—ZQ'é. = Z'(A ——CQ) ‘1
b P3)

R e

J

> MA; -srrfP{AA + > c,c,}d; sr[ GMQ; +aMa]+6a0 va oz

i‘S

MAj = My — MS; with: | p? A de = V-6

(7.1

t-_:«

aund T“"I" oz =\
7 0

a

Ove obtaius tue sawe resvlt, With Huis secowd approacl oue aaw
calevlate MS,-J° as MSU = M;J-MAU . Compan‘ua Hars MS;J- with the
direct calculated oue is au effective wetiod for fiudiug bugs iu the program,
: s |

{4‘1'
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The Geowmetry of the Turee - Ball AModel

This new wwclear—shape parawetrization has 3 geueralized coordiuates:

1.) ETA = H wass - asywwmetry
2.) DELTA  ceuterdistauce of the fragment balls
3.) CR3 = S8 curvature of the wueck
R3
CR3 >0

(5R3 = +4)

VELTA —>

(sr3= -4)

€

DELTA is the waiu fragweutatiou coorcliviate. Tuere are some
special poiuts iu DELTA with a special weauiwg. The scissiou-
poiut is called DPELZS aud the fiual poiuk DELZF. After
DELZS ke geowelry is fixed. But before, there is sowe freedows
in choice of geowetry iu spite of voluwe couservatiou.

- Oue possibility is twis o-decay Like form which I call TEM:

—» DELEH
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There are now three special poiuts wore : DELZB , DELZH DELZV

Y,

Poteutial Euergy Surface PES Looks O.K.

disadvautages: Shapes auvd all resvlts asywwmetric iu ETA
kinks iu the WW-wasses due to defiuition—
cfﬁauge at DEL2V
-~ To illustrate the wioveweut of the TBM wodlel
-~ look to tis picture :

fe—— DELTA

pesitiv neck - corvature CRZ2

coue - case negativ uneck - curvature CR3

L | RR
onid e
p
— —> DELTA ] Sih

DELTA

Attewpts for a better geowmetry

To get au optimal behavior betweeu the begivuuivg ano DELZS
the sywwmetry requirewmeut suggests to divide the wucleus frow the
begiuuing with au iwmagivary plaue iuto the fival volvwte ratio.
This leads iudeed to ETA -gywmetry Lol there wyst be also a
chauge iu defiuition wlhiclh agau prodvces the vuwauted kiuks,
The uew defiuitiou :

- 1) The dividiug plave is kept at CZ wvutil DELZH ,

’ %) Theu it is giveu to R3 ovutil the ewd. -

7
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The vew ETA —sywmeetric geowmetry las also a defiuitiou chauge
at DELZH wheu R3 crosses C2 afun‘ug the crowiug of DELTA :

T
N 4
C4z|3c-1.

e—— DELTA —f

£ 2
Pvie s
PR PELTA ——%

To avoid the crossiug of R3 with C2 owe covld thiuk it is beter
te vse C71 as place of the dividiwg plaue. Bot this Leads to

use Less couF:’gurah‘ms ( Picture @ awd @) ‘

Iu geveral vear to the scissioun poiut R3 wwust become todue olividiug
plave. It lays there betweeu C1 and C2Z. This svggests to pot tue
plave frow the begiuuiug betweeuw CA1 aud C2., Pt it iu the widdle
@ will wake trovble af the scissioupoint ®, To avoid this a wore sopleisti -
cated fouction would be necessaty. Bot this makes Wh/- calevlatiow wmpossible,

W
@ 7

@ |

X
3 1
¢ cl

— DELTA —




Universitat Frankfurt a.M. 1990 : Wolfgang Renner : Palaver 11

DKM or suvccess witlh tue fourth effort

Lu tue first wodel "TBM® the fragueatradivs R2 was kept wear RQF
to obtaiu au o-decay Like coufigurakou. This Led to the ETA-asyuuwetry

- To avoid this asywwetry iu the new wodels the volowme was divided frowm

the begiuaivg iuto the fival ratio, The particolar geometry was thew given
by the Locatiow of the olividing plaue. Tue problews with +his were shiowu.

To avoid the kiuks it seews vuavoidable +o defiue the geowetry swootlr
frow the begiuuiug vatil scissiou. AV scigsioupoiut 23 wmost be dividiug plave,

Now Z3 is if frow the begiuuiug aud it wmust always rewaiu betveew C1
aud CZ:

DELTA

ﬂl pr—

Now this smooth defiuitiou wakes it nece ssary to wake the volume V2
to a swooth fouction. It wust Le half of V, at the begiuiug audl

VAF at scissiou, FurHcermm'Zfi' always wust rewaiu betweeu C1 avd CZ,

V2 | 2
IVELTA by zs
a Swooth scissiou poiut belhavior. The siuplest fuuctiou is a parabel:

va (veLi) = Ye( g — {4 — CeIA-deLzs) £ )

This fuuckiow is swooth aud it's derivatiou vauishes at scissioupoidt,

Fiualy the derivation —— O at scissiou has to be 2ero to get

Bo+ w:U, 23 a.lways Yewtaru be#weeof C’I awd CZ Z
S e
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- Au siwple estimate wakes test -prograwwiug vuuecessary. Problews

- will appear wheu V2 decreases so tast, that Z3 wost go right of
- C2, Fore a siuple estimate Hhe coue-case is wost svited:

T Jb\fi 4 E
! voLg + U
|
|
Re l 3 V2 / VZH ]
W, %%
“1 /‘7
1 C + >
— DELTA K— — B DELZS DELTA

There is the critical voluwe VZH which wwst faster decrease Huau \)[D)
- The DELTA - derivatiou of VO(DET) at the begiuwiug is giveu by -

& . 2 i
T dW ___'V, ETA __:_‘ﬂp..gm _ _%Rz_%;asm
dD ‘p=p DELZS DEL2S DELZS
- Aud the derivatiou of V2, is giveu by : gﬁg -5-'-";;? weplicitly
dV.ZH ! _ dVZH ';J_R_- or R (-”_ _ ERQ. 9iveu Ly
aD .o AR dD . V(R0)D)=TR (£R+):0

-~ Tlis resolts i Hhe couolitiow DELZS 23 ER- DELTA whids isu% always valid,

S50 a unew a#ewp'} was wade with a Cosiue-like fouctiou :

votoem) = Yo (4= {4- f(1+ cos(Z2)) 3o £ma )

- Tlis fouctiou folkils the estivate aud also prograwamed it gives gooel

© shapes . This model is called "DKM . The wasses are vpte § twes larger,
- advautages:  ETA - sywwetric aund swooth wasses .
- disadvautages: Shapes are not od-decay Like aud PES bas q strauge valley,

Are there auy possibilities wore 2

Becavse it is iuteuded to describe tue o -decay siwilar very asyumetric
) Fissiou, T tried to fiud au swoots TBM Like geowelry  but will uo soccess.

10
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Werner - Wheeler calevlatiou for the Tlree - Ball Model

—

X = (X4,%,,Xs) = (ETA, DELTA, CR3)
Y= (Yi;yz:'}y.s‘) -‘-(Rﬂ K0St & JKOSQ‘}RQ‘)

K0s4,2 = cos(, ;) ; K0S3 = cos(¥;)

_ 43 3
() (m) (I) A= " T8 7%, f“’“"’* ; C=g 5 A

2 2 _2 (1) | 3
Sequeut (1): P =R1-2 I = fP%e‘)aa' = Zri'rRi‘z- £

oI MM 24 M RA_

- 2R
RS IOE S R S N = R L

: 4, a oR2 2.R2 oR2 _ R2
Sequeut (m): Pe)=Re-(b-8) —> A= 2% Re-(0-2) +oeni Go® 5; (m-(oaa))z

Seauent (I): PR) = &; —Sk3- Vﬁs‘-cz 23) 3 RLR2R ; Kosh kos2 -» kos

&w 23(«-@5) (2-kss) + sR3 ( 8;-R3-(Kos +kos3) + & [ms{z -kes') + Kkos3: (3-K053)J)

- ¢z RS { Kos-SIN + Ko$3-SW3 + arcsiu( Kas) + arcsi (K0S3) }

oI 9L 2R oL ks 9L 2% _ oI 2R3 oI  Ookess

-‘5; = 2R ?x; okes OX; 28 ax- + 2R3 °X; Kos3 'ax;
ko ‘BKOSZ 9y ~
kos3 = Kos3(y,x) = 2 53-2;’ o s P ___= %jg(yx) +s

Ceuter of wass Moveweut

b ‘

L 2 . 2. o .
25:W@rP(2)'2 dz J 2$= ?'.s-;é-.x'. — ZQ'.xl
L= 9085 o 92s 27 Y |

Ql - _—3)(; = JZ oayJ ?x' JZ HJ(Y,X) X,
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The calculation of tHhe partial derivatious %;é;_

The geowmetry was uomericaly calcvlated aud is giveu in the quautities .
Of course the Y. are fuouctious of the geueralized wordiuates : Yi= Y ( x)
The S fouctious Y,(x) are not explicifly kuowd. Neverthgless we Meed the
derivatious 63:? whuda cau be calevlated with the Law aboof iwplicit fuuctious:

i

s .M oF .. B \"T,oE  2F,
@) 7 L S I T
X/~ |y y (ay ( ) : 1 B -

ofs ... 2 o oFs| |2f  of

% 2%y 70 )7 o%,9X3

Now we need +he 5 implicit fouctious E(y,x) =, - @(y,x):o 5
The volowe couditious give the first +o fouctions. Tlce; are differeut for
the two geowetry-wodels TBM aud DKM.  First we cousider TBM :

& I LT _ DELTA < DEL2V
F, = Volome(yx)-V, =0 ; l:z'——g—-Rl-—?:-(/l—EfA)_o G E i

F = VA(Y,x) -%’-(META):O 3 E= V2l -2(1-ER)=0 DELTA> a2

Nw DKM:  E=wilyx)-% =0 ; E=Vo(yx)-3=0 CR3<0
£ = VA(x) - -—(4 +{1-2(1+as %gq)}.ETA) =0
E = Va(yx) - (4 = {1-3(1+os(Z2E)}-EM) = 0

£, = V(%) -f—(ftwm)w ; Fo=Ve(rX)=2{1-EW)=0  DELTA > e

DELTA < DEL2S

The remainiug 3 fonckious are givew from geueral geometry coudifious:
 Swooth Neck — couuectiou gives:

(R1+SR3-R3)-SINA Fy = (ML) 60 =y =
“N\if N\ L) F, = (R2+3R3-R3)-SIN2 - €5 = 0
&6‘ Dl':.ll‘.TA—)l / Avd the |leugth coudikou 9ives:
ST e (R1+5R3-R3)-Kkos1 " = (Re-+583-R3)- ko5t + (R2+SR3-R3)4052 -DEVTA =0

12
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3-KUGELMODELL: (TBM) MODEL=YPE NA=232 NA2= 24
N VAL SR U T D B (S A S R (RN SR JNETRae R
18 - - A | T T 1 O DEsB
5 i A T 0 DELZH
) SO 1 & DELZv
e /// ’,I B _*_ DELZS
1 - T T T 3 (N S 4 ¢ DELZF
e //’,,.’ ’, > o S S VZ/H
T %a\ 0 A - # o e VIZH
A N 1 === KO0S2
Z \ ¥
g 10 - //‘ 4 - KOSt
- o T ‘-\_ 41—~~~ R2F
D 8 L f.’;:-’?’w--.__ \_\.\ e RIF
l] E......._._.,..--.-\,,...‘,ﬁ:‘:::zan.-........_._....-._:‘_..‘.’:‘_-.-_,,;‘.. i e ,...._.‘....'.;?' e ~ 7 23
> ol IR ] o oo
b e RO RO . SO e o T s e RIS S sht R R3
br J 2= pp
: ----- s o T T Tap— e o o e -------f-—-"-'--—s---e-‘:-----.—'.--""'-"“"-"*""".:"- ******* W=t Uz
2t ; o R ut
T ) B il [ .;;;;;:_';;:J_‘;_’_’;_ | s -
N i ———— i i i Tl ] R
R e -‘___..-—- A4 = A A 4 Rl
ARSI S| S N SRS (S S S R (| | 1 | 1 | L 1
0 2 4 6 8 10 12 14 16 18 20 22
3-KUGELMODELL: {DKM)  MODEL=YPE NA=232 NA2= 24
¥ r 71 7 **r* 1 1 =175 =71
18 + - -/ -
L A 1 % DpeELzs
_ /& DELZF
%t Jd - VvasH
I .-'..."__;_;,,’_ ........ ;};. .................... | s V1/H
L e P / _~=" ] "7 KO0S2
é 12 | - = ~ e ,”// T"’J‘_,<> ] il R §g§1
5 ol e T e 170
= I e N = . S RIF
o 8 T e Yy Vi Z3
e 2 T T S =t RHO3
Il OSSN <., SRR (PSPO.. | S| (N R3
>_ o S as e e J{v‘ R = = S (i
6 nard - 1= E2
/" "‘-wf . “_..~"'- s
4 ./lt,’/.-'-"'.—“’,,_-_ ...................... .\\ ..................... L . U2
RSN I TSR .. . T S L
4’/a/’ o \'\ ‘ Cl
Z B . Bl R . | — e - R
e (mimemsmims i mtm i s i S m— o —.e— R
0 ‘é_.’:_'/;__w____,.,,_—_-z'_—.::'.:ﬂ:'—“-i —————————————— o |
[ 1 | 1 | 1 l 1 1 i 1 1 L 1 L 1 l-h- | 1 I-H I ]
0 2 4 6 8 10 12 1 16 18 20 22
X= DELTA ( ETA= 7.931E-01 CR3= +0.2000 )
-13-
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3-KUGELMODELL: (TBM)  MODEL=YPE NA=232 NA2= 24
T r T T 1 v 1 t T r {71 T 71 T 1 T [ T ]
P
L1
§p)
)
<
-
Il
e
1 | T | .K: 1 S MSCC
i *’ : e MSDC
= - - . i - 1t_.,__7___:__:-;_-m:; e o, T MSDD
s e Al e MSEC
%) e cannnvenenasnnsnrassecnnnnnnns panss  — e MSED
<< A MSEE
s S MKkee
S )Y S --== MKDC
v 0.2- ) 7 === MKDD
i L\ (5 L
L 1 1 1 “.n Al | 1 1 1 | |; 1 I 1 '-'}‘-. | L 1 1 1 1 1 JI T MKED
0 2 4 6 8 10 12 14 16 18 20 22
3-KUGELMODELL: (DKM)  MODEL=YPE NA=232 NA2= 24
=+ 1 &1 * 3 A L B T T ' = MSCC
800 - o, FORSSS MSDC
-------- MSDD
=z i T o
MSEC
tH 600 - S [ MSED
@ g e MSEE
400 - 4 7 MKCC
= ---= MKDC
I i 1 === MKDD
> 200 + = === MKEC
L 4 === MKED
A J s NKEE
o g i 1 | I 1 L I 1 1 1
0 2 4 6 20 27

X= DELTA  ( ETA= 7.931E-01 CR3= +0,2000 ) o e
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=

3-KUGELMODELL:  NA=232 NA2= 24

200F — T e
U 4 =%2== DEM-LCC
=== DKM-DC
150 + Gk DKM-DD
- | | ===-  DKM-EC
% ---— DKM-ED
o 100 - 4 === DKM-EE
<« - TBM-CC
b E T = - TBM-DC
50 L ] 2= = TBM'—DD
— TBM-EC
- 4+ — - TBM-ED .
0 —  TBM-EE
L 1 1 | 1 1 1 1 1 1 L 1 L 1 1 1 1 1 L L 1 | N
0 2 4 B 8 10 12 14 16 18 20 22
I T I'I]' L I T |
= ;|
A7 4~ - DKM-CC
; Vo -~~~ DKM-DC
\_I 11 1 ~--- DKM-DD
— oo | === DKM-EC
0] ' === DKM-ED
% Ii \ 41—~ DKM-EE
b \ | — 1BM-CC
z \ = 2 TBM_DC
| . \ {—— TBM-DD
E . e et et :.:_-h\\a i - TBM-EC
. ‘ ] 1—— TB™M-ED
B Y |~ TBV-EE
1 L L L 1 1 1
16 18 20 22
0.4 L T S 2 T ) S ) [ ) [ e [ A et S i By
0.3 - 3
5 i /’/ \ |
0 0.2 - N | ---- DKM-DD
<I L I,"/ ,’__’// N aly = = TBM-DD
> 01k i - ¥ .
- s = — o™ ? 1
0.0 7 -
C N 1 31 1 1 1 1 1 | I 1 1 | 1 1 1 I 1 1 L 1 }

X = DELTA  ( CR3 = +0.200 )
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